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of selfings. However, there may be cases where, under the present model, high
selfing would compensate a genotype for having low pollen fertility. In cases
where w,; < w,, it will be more rational to accredit the pollen parent with all
self offspring. The same would hold for the selfing component of hermaph-
rodites in gynodioecious populations; for example, under Ross and Weir’s
(1975) “limited-fitness model,” pollen availability determines the extent to
which ovules are utilized in selfings.
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STATISTICAL COMMENTS ON COHEN’S APPLICATION OF A
SIMPLE STOCHASTIC POPULATION MODEL TO NATURAL
PRIMATE TROOPS

Cohen (1969) gave some examples of application of a simple stochastic
birth-immigration-death-emigration (BIDE) model to describe the natural
dynamics of primate troops. While incorporating stochastic features into the
description, such a model does not take into account any aspects of age structure,
density dependence, or other social structures within the troops. The aim of
this paper is not, however, to discuss whether the model is a biologically
uninteresting oversimplification, but rather to reconsider the statistical aspects
of Cohen’s paper and to present some statistical methods which might also be
useful in other similar studies.

Cohen compared the theory to two types of data: (1) size distributions of
troops assumed to be in an equilibrium state and (2) a set of observations
(Altmann and Altmann 1970) of all vital events in a baboon troop over a year.
Distributions of troop sizes for howler monkeys, gibbons, colobus and langurs,
and baboons were analyzed. For the gibbons I propose here an alternative and
possibly more natural interpretation of the BIDE model which yields a
considerably better fit of the equilibrium distribution.

The statistical analysis of the actual dynamics over 1 yr of the baboon troop
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may benefit from the advances in statistical theory since the time of Cohen’s
paper (1969). I present here a direct (maximume-likelihood) attack on the
inference problem as an alternative to Cohen’s “‘jacknife’” approach. (It may,
in fact, be shown that the two approaches are approximately equivalent.) A
reiteration of the jackknife calculations shows that some numerical slips must
have occurred in Cohen’s computations, and I present the corrected jackknife
analysis as well. Also, the problem of testing the fit of the BIDE model is
considered in some detail.

Most of the analyses suggest that the dynamics are reasonably well described
by the BIDE model, and that the stationary distribution corresponding to the
dynamical data is compatible with that of the other troops observed by
Altmann and Altmann (this is opposite to Cohen’s conclusion). On the other
hand, I also point out that the pattern of vital events over the year of study
might suggest some seasonality (which is not assumed in the BIDE model), and
that the dynamically studied troop has a stationary expectation well below its
actual size. This may suggest that the dynamics of the troop concern a
“demographically active subgroup,” or that some other form of heterogeneity
within the troop has to be included in the description. A similar conclusion was
reached by Cohen (1975) in a recent study of the social structure of orangutans.
(The BIDE model assume equal birth, death, immigration, and emigration
rates for all individuals in the population, and “averaging” of different
individual rates over the troop such as suggested by Cohen [1969, p. 458] will
not lead to a BIDE process for the whole troop.)

EQUILIBRIUM DISTRIBUTIONS OF GIBBON TROOPS

Cohen (1969, p. 464) suggested the following mechanism for gibbon troop
formation: Each troop consists of a father and a mother and a variable number
of children. Therefore, the births to a troop happen with an intensity inde-
pendent of troop size and may therefore be described as “immigrations.” In
other words, the birth parameter A in the BIDE process should be set equal to
zero, and the equilibrium distribution is then Poisson. Cohen interpreted the
size of the troop, including the parents, as governed by the BIDE process and
accordingly fitted a 0,1-truncated Poisson distribution to the observed data.
Another possibility would be to describe the number of children by a BIDE
process and thus fit a complete Poisson distribution to the number of children,
that is, to troop size minus two. This gives a much nicer fit (see table 1), although
this fact should be considered in the light of the extra flexibility that the
shifting of the size distribution allows.

DYNAMICS OF BABOON TROOPS

Cohen analyzed a set of observations on a baboon troop obtained in the
Amboseli reserve, Kenya, by Altmann and Altmann (1970). Notice that baboon
troops, in contrast to the gibbon troops discussed above, consist of several
parents and children. The data (from Altmann and Altmann 1970) are given
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TABLE 1

OBSERVED AND FrrreDd DisTRiBUTIONS OF NUMBERS oF CHILDREN IN GiBBON TROOPS

Hylobates lar ToraL
Cohen’s Cohen’s
No. CHILDREN Obs.* Fit Poisson Obs.t Fit Poisson
0O 8 10.9 8.4 12 14.4 11.4
1 o 15 12.5 14.9 17 15.3 18.3
2 12 10.7 13.0 14 12.2 14.8
3 9 7.3 7.6 9 7.8 8.0
DA e, 5 7.6 5.0 5 7.2 4.6

* Mean number of children equals 1.756.
+t Mean number of children equals 1.614.
I Interpreted as 4 when computing mean but as >4 in computing the expected values.

in table 2. I want to describe this by a BIDE process with intensities A (birth),
i (death + emigration), and v (immigration). Let us first estimate these
parameters assuming the model to hold true and later develop some tests of the
adequacy of the model.

The maximum-likelihood estimators (MLE), which were already given by
Cohen, and estimates of their variances are derived in Appendix A. The
numerical results are presented in table 3 along with the jackknife estimates
computed according to the description by Cohen (1969) (the latter are different
from Cohen’s as regards p and p).

It may be shown for occurrence/exposure rates such as the MLI of A and
that, if the number of subdivisions on which the jackknife method is based is
large, the jackknife estimator will converge toward the occurrence/exposure
rate itself, and the usual jackknife variance estimate will converge to an obvious
variance estimate based on ML theory. In accordance with this result the ML
and jackknife estimates of 1 and u are seen to be identical to two significant
digits, and this trivially holds true for v, ¥ being a simple average. For » and »
the difference between MLE and jackknife is still easily within the standard
erTor.

With the MLE estimates, or the revised jackknife, there is no significant
difference between the present estimates of » = v/ and p = 1 — A/u and
those (r = 2.99, p = 0.06) obtained by Cohen from fitting the stationary
negative binomial distribution to the sizes of 51 baboon troops observed by
Altmann and Altmann. This conclusion is opposite to Cohen’s.

TEST FOR FIT OF THE BIDE MODEL

I approach the problem of evaluating the fit of the model from three different
viewpoints. First, the time intervals between events are compared to their
expected exponential distribution; second, the pattern of events (births,
deaths, and immigrations) is studied; and finally, the expected stationary
distribution is computed.
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Birta (B), ImmigraTION (I), DEATH (D), AND EMIGRATION (E) IN

TABLE 2

ALTMANN’S MaIN STUuDY TROOP

THE AMERICAN NATURALIST

After This At This This Event
Row Many Days Troop Size Occurred
Lo 41 40 B
2 5 41 B
2 2 22 42 B
4o 2 43 D
5 17 42 D
B 26 41 I
T 0 42 I
S 2 55 43 B
O 35 44 I
100 .. 20 45 E
P 5 44 D
1200 6 43 E
13, 32 42 D
4. . 4 41 D
16, 0 40 D
16. ..o 22 39 D
17 10 38 B
18, o 0 39 B
19 . 7 40 D
20, 4 39 B
21 17 40 D
22, 11 39 E
23 3 38 B
24, 4 39 D
25, 8 38 D
26, .. 2 37 D
27 5 36 B
28, 10 37 B
Final 38

SoUurcE.—Altman and Altmann 1970.

TABLE 3

MAXIMUM-LIRELTHOOD AND JACKKNIFE ESTIMATES

ML SD Jackknife SD
A v 6.5-10-4 2.1-104 6.5+ 104 2.9-1074
oo 9.7-10-4 2.5-10"4 9.7 1074 3.3-10-4
Ve 8.0-10-3 4.6-10-3 8.0-10-3 5.7-10"3
r=v[d oo 12.4 8.2 7.8 12.5
p=1—=2p. ...... .33 .27 .40 .37
‘orrelation (r, p) ... .37

First, as explained in Appendix B, the normalized waiting times

(le+1 - Tn) (X‘ln +

v
A4+ u

) ~ (Tn+1 - TM)(X‘[" + 5) = Yn

should be exponentially distributed with expectation (1 + p)~! and inde-
pendent. Figure 1 shows, on a logarithmic ordinate, one minus the observed and
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F1e. 1.—Observed (dots) and expected (line) distribution of normalized inter-
event times.

expected distribution functions of the Y,’s, indicating a fair fit. Also, under this
hypothesis, 2 )" Y, /s, where s is the standard deviation of the Y,’s, should be
approximately 2 distributed with 56 df. The observed value is 52.3, also
indicating a good fit.

A useful way of obtaining an overall impression of the constancy of the
intensities is to plot Aalen’s (1975) nonparametric estimates of the integrated
intensity. The plots are explained in Appendix C and shown in figure 2 for each
of the three types of events: immigrations, births, and deaths + emigrations.
Although the fit to the exponential interevent times was satisfactory above, a
definite seasonality in the vital events is obvious, in particular concerning
deaths and emigrations of which many more take place in the latter half of
the year.

In fact, Aalen (personal communication) has applied the “cumulative total
time on test statistic” by Barlow et al. (1972, p. 268) to the sequence of deaths
and emigrations. This statistic tests constancy of the intensity against the
alternative of increasing intensity. Aalen finds the value

T = <gz ,21 E,) /<=Zl E’i> = 1023,

d;
B, = J X, du

is the exposure time of the process between the time d; of the ¢th death or

where
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F1c. 2.—Aalen’s (1975) nonparametric estimator of the integrated intensities

emigration and d; ., (set d, = 0). From Barlow et al. (1972, table 6.1), one can
see that this will lead to rejection of the hypothesis of constant intensity at the

5%, level.

I next propose a check on the sequence of vital events, without regard to
calendar time. It will be very difficult to make any checks concerning the
immigrations since only three of those were observed. If immigrations are
disregarded, there results a linear birth-and-death process which may be
considered as made up of waiting times and a random walk of births (B) and
losses (D and E) (cf. Moran 1951, 1953). This imbedded random walk is here

given by

BBB B

BB B B

BB

DD EDEDDDD D DE DDD

I tabulate numbers of adjacent pairs of events (D meaning D or I)

as

41 5 9
5 110 15
9 |15 24
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The %2 test of independence gives y? = 0.296, f = 1, showing no deviation
from the random-walk hypothesis.

Finally, much of Cohen’s discussion assumes that the process is in a stationary
regime, and it would therefore be interesting to compare the actual sample
function with the corresponding stationary negative binomial distribution. The
estimated expectation and standard deviation are 24.8 and 8.6. Although the
standard error of the stationary expectation may be estimated as 14.3 (as
explained in Appendix A), it is still striking that the process revolves slowly
around the observed time average of 41.3; that is, under the model the process
spends the time of observation in a rather extreme part of its stationary
distribution. An exact use of this fact as counterevidence to the model would,
however, need a study of the transient behavior of the BIDE process beyond
the scope of the present paper. Another explanation would be that there is some
heterogeneity in the troop such that the vital events governing the BIDE
process correspond to what is going on in a ““demographically active” subtroop
(compare the fact that the stationary expectation is lower than the time
average).
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APPENDIX A
EstimaTion 1v THE BIDE Process

I refer to standard probabilistic treatments like that of Bailey (1964, pp. 91-101).
Maximum-likelihood estimation in an immigration-death process was studied by
Benes (1957) and in a linear birth-and-death process by Keiding (1975). With nota-
tion as above, the likelihood function based on continuous observation of a BIDE
process (X,) in a time interval (0, ¢) is

vltABt'the—(l+#)St—vt,

where I, = number of immigrations, B, = number of births, D, = number of
losses, and

t
S; = f X, du = time at risk.
0

This glves (exactly as Cohen [1969, pp. 470-471]) the ML estimators ¥ = I,/t,
1= B,/S,, it = D,JS,, i = /A = (I,S,)/tB,, § = AJii = B,/D,. Since we have a
population size of about 40 and A¢ and ut around .3, the small-sample study of
Beyer et al. (1976) will indicate that a large population approximation will be
suitable for deriving asymptotic distributions. In fact, if both population size and
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vt are large, (i, ii, D) is asymptotically normal with asymptotically independent
eomponents (since the likelihood factorizes).

Now § = I,/t is Poisson with expectation E(?) = v and variance o' = y/t. For
Jand f i, we get —D;_2 log L = B,/2%, -D, 2log L = D,/u?, and an approx1mat10n
to the variance ¢,2 of 1 is then given by (E[ D,?% log L])”1

It is possible to derive E(B,), but since this will have to be estlmated anyway, one
might as well estimate ¢, by AZ/B = B,/8% and ¢,2 by D,/S,%. By the usual
theorem on differentiable trangformamons we get, appro‘amately,

2

1
Var () = alz + ﬁ O'vz,
P 4 L A 2
Var (g) = Var (p) = Eal + /?G” ,
c A Ay C A AN v 2
ov (7, p) = — OV("‘I)—_/WUA'

The numerical values of all these quantities in the present case are quoted in table 3.
Finally, one may similarly derive

ii _ 4 _ 1 2 v 2 2 2
Var (i)) = Var (ﬁ—i) W /1)20", + (ﬂ—l) (0,” + 0,7,

where 7q/p is the stationary expectation.

APPENDIX B
TuE DISTRIBUTION OF THE INTEREVENT TiMES or A BIDE Process

Let 0 = 75 < 7y <--- < 7, =t be the times at which events happen in the
BIDE process (X,,). It is then well known and follows in particular directly from the
minimal construction of the process (Feller 1971, pp. 326 ff.) that given the develop-
ment of the process up to the random time z;, the distribution of the interevent time

Ti41 — T; 1s exponential with expectation
A+ WX, + v
It follows that the random variables (t;,, — 7)[X, + v/(A + #).2 = 0,...,n — 1,

are independently identically exponentially distributed with expectation (1 + u)~1.
References to this fact for v = 0, that is, for the linear birth-and-death process,
and extensive applications to inference problems were given by Athreya and
Keiding (1977). It is therefore reasonable to assume that since v/(A + ) is estimated

by
B+ ) = 496 x5, Y, = (1., — )X, + 5)

will be approximately independent identically distributed exponential with ex-
pectation (1 + )~ !. This yields a way of checking the interevent time structure of
the BIDE process. I do this by plotting the distribution of (Y; ) and by eomputlng
the sum Y Y; and standard deviation s of the Y¥;’s. Each Y; is approximately 22

distributed with 2 df and scale parameter [2(1 + u)]~1, and s 1s a consistent
estimator of (1 + )~ ! so that

2Y Y/s
is approximately y? with 2n = 56 df.
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APPENDIX C
AALEN’S NONPARAMETRIC ESTIMATOR OF THE INTEGRATED INTENSITIES

Recently Aalen (1975) proposed a nonparametric estimator of the integrated
intensity of a counting process (IN,) generalizing the well-known Kaplan-Meier non-
parametric method of estimating a distribution function from censored data.
Aalen’s method assumes that the intensity has the multiplicative form Y,a,, and in

that case
1
— dN,
f Y,oo©
0

t
f o ds.
0

(The interpretation of the estimator is as follows: Each time, ¢, the counting process
[N,] makes a jump, an amount ¥,~! is added to the estimator.) In the particular
case of a constant intensity «, a plot of Aalen’s estimator will, therefore, by com-
parison with the straight line «f, supply a check on the model.

is an unbiased estimator of

LITERATURE CITED

Aalen, O. O. 1975. Statistical inference for a family of counting processes. Ph.D. diss.
University of California, Berkeley.
Altmann, Stewart A., and Jeanne Altmann. 1970. Baboon ecology: African field research.
Karger, Basel.
Athreya, K. B., and N. Keiding. 1977. Estimation in continuous-time branching processes.
In Sankhya, Ser. A (in press).
Bailey, N. T. J. 1964. The elements of stochastic processes with applications to the natural
sciences. Wiley, New York.
Barlow, R. E., D. J. Bartholomew, J. M. Bremner, and H. D. Brunk. 1972. Statistical
inference under order restrictions. Wiley, London.
Benes, V. E. 1957. A sufficient set of statistics for a simple telephone exchange model. Bell
Syst. Tech. J. 36:939-964.
Beyer, J. E., N. Keiding, and W. Simonsen. 1976. The exact behavior of the maximum
likelihood estimator in the pure birth process and the pure death process. Scand. J.
Statist. 3:61-72.
Cohen, J. E. 1969. Natural primate troops and a stochastic population model. Amer.
Natur. 103:455-477.
. 1975. The size and demographic composition of social groups of wild orang-utans.
Anim. Behav. 23:543-550.
Feller, W. 1971. An introduction to probability theory and its applications. Vol. 2. 2d ed.
Wiley, New York.
Keiding, N. 1975. Maximum likelihood estimation in the birth-and-death process. Ann.
Statist. 3:363-372.
Moran, P. A. P. 1951. Estimation methods for evolutive processes. J. Roy. Statist. Soc.
Ser. B, 13:141-146.
. 1953. The estimation of parameters of a birth and death process. J. Roy. Statist.
Soc., Ser. B, 15:241-245.

NieLs KeimpiNa

INSTITUTE OF MATHEMATICAL STATISTICS
UNIvERSITY OF COPENHAGEN
COPENHAGEN, DENMARK
August 26, 1976



	Article Contents
	p. 1211
	p. 1212
	p. 1213
	p. 1214
	p. 1215
	p. 1216
	p. 1217
	p. 1218
	p. 1219

	Issue Table of Contents
	The American Naturalist, Vol. 111, No. 982 (Nov. - Dec., 1977), pp. 1037-1226
	Volume Information [pp. ]
	Front Matter [pp. ]
	Niche Width and Genetic Variation in Hawaiian Drosophila [pp. 1037-1045]
	The Nature of Genetic Variance Influencing Photoperiodic Diapause in a Migrant Insect, Oncopeltus fasciatus [pp. 1047-1059]
	Transit Time and Density-Dependent Predation on a Patchily Distributed Prey [pp. 1061-1075]
	Diversity of Shallow-Water Gastropod Communities on Temperate and Tropical Beaches [pp. 1077-1097]
	Periodical Insects [pp. 1099-1117]
	Mechanisms of Succession in Natural Communities and Their Role in Community Stability and Organization [pp. 1119-1144]
	Protection of Recessive and Dominant Traits in a Subdivided Population with General Migration Structure [pp. 1145-1162]
	Adaptedness and Fitness [pp. 1163-1168]
	Evidence for the Existence of Three Primary Strategies in Plants and Its Relevance to Ecological and Evolutionary Theory [pp. 1169-1194]
	Rodent Faunal Turnover and Prehistoric Community Stability in Northwestern New Mexico [pp. 1195-1208]
	Letters to the Editors
	Stabilizing Selection in Field Sparrows -- A Retraction [pp. 1209-1210]
	Male and Female Components of Fitness in Hermaphrodite Populations [pp. 1210-1211]
	Statistical Comments on Cohen's Application of a Simple Stochastic Population Model to Natural Primate Troops [pp. 1211-1219]

	Back Matter [pp. ]



